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On Graphs With Minimum Elongat ion  Diameter 

L e t  A= (1, 2 , . e m , n 3  be  a f i n i t e  s e t  c o n s i s t i n g  o f  n e lements  

( c a l l e d  v e r t i c e s )  and l e t  E b e  the  set  of a l l  p o s s i b l e  l i n e s  

( c a l l e d  edges) - j o i n i n g  p a i r s  of d i s t i n c t  p o i n t s  belonging t o  t h e  

s e t  A.  The p a i r  (A,F), 4 F c E  i s  c a l l e d  a f i n i t e  graph of  o r d e r  n ,  

( o r  simply by G whenever both  n and and i s  denoted b y  G ( A , F )  o r  G 

N are f i x e d )  where n i s  t h e  number o f  e lements  i n  se t  A and N i s  t h e  

number of e lements  i n  s u b s e t  F. We assume t h a t  a graph cannot have 

m u l t i p l e  edges o r  loops ( t h a t  i s ,  edges j o i n i n g  a po in t  to i t s e l f ) .  

If a graph has no edges a t  a l l ,  i t  i s  c a l l e d  as a n u l l  graph; i f  it 

has a l l  p o s s i b l e  edges ,  n(n-1) /2 ,  i t  i s  c a l l e d  a complete graph. A 

p a t h  o f  l e n g t h  L i s  a sequence o f  edges {ei= (i-1, i ) ,  i=l, 2,.*.,L}, 

where ei-l and e i  a l w a y s  have a common v e r t e x ,  each  ei appears  once 

and only once,  bu t  t h e  v e r t i c e s  may appear  more t h a n  once.  A p a t h  

n,N 

i s  said t o  b e  a s imple p a t h  i f  none of i t s  v e r t i c e s  are t r a n s v e r s e d  

more than  once. The l e n g t h  of  t h e  s h o r t e s t  s imple p a t h  between i and 

j i s  c a l l e d  t h e  d i s t a n c e  of i and j, and i s  denoted b y  d ( i 3 j ) ;  t h e  

diameter of a graph G i s  t h e  maximum o f  d ( i , j  ) over  a11 p a i r s  ( i , j  ) ,  

i # j ,  and i s  denoted by 6 ( G ) .  The l e n g t h  o f  t h e  longes t  s imple p a t h  

between i and j i s  c a l l e d  t h e  e l o n g a t i o n  o f  i and j ,  and i s  denoted 

by e ( i , j ) ;  t h e  e l o n g a t i o n  diameter of  a graph G i s  t h e  maximum o f  

e ( i , j )  over  a l l  p a i r s  ( i , j ) ,  i # j ,  and i s  denoted b y  e ( G ) .  F i n a l l y ,  a 

graph G i s  said t o  be  connected i f  f o r  every p a i r  of p o l n t s  ( i , j )  i n  

A t he re  e x i s t s  a pa th  between i and j .  
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I n  t h i s  pape r ,  w e  s o l v e  t h e  problem of c h a r a c t e r i z i n g  

connected graphs  w i t h  a f i x e d  number o f  edges and v e r t i c e s ,  

which have ( a )  minimum e l o n g a t i o n  diameter, and ( b )  minimum 

diameter. 

Elongat ion  Diameter 

L e t  be  t h e  c l a s s  o f  a l l  connected f i n i t e  graphs  w i t h  

n v e r t i c e s  and N edges ;  t h a t  i s  

: G connec ted) ,  n > 2; n-1 < N < n(n-1)  
2 - - _. n,N 

= { G = G  

L e t  b e  a s u b c l a s s  o f  connected graphs  such t h a t  

i f  G" be longs  t o  * and G be longs  t o  , t hen  e(G%) - < e ( G ) ,  

We wish t o  c h a r a c t e r i z e  I n  o t h e r  words, w e  w i sh  t o  f i n d  

a c o l l e c t i o n  of  graphs  which are connected,  have f i x e d  number 

of v e r t i c e s  and edges ,  and for which t h e  maximum d i s t a n c e  

between any p a i r  of i t s  v e r t i c e s  i s  as small as p o s s i b l e ,  

L e t  us  p a r t i t i o n  t h e  v e r t e x  set A o f  a graph of  o r d e r  n 

i n t o  two s u b s e t s  Al and A 

t h e r e  are e x a c t l y  n-1 edges ( t o  t h e  o t h e r  n-1 v e r t i c e s  i n  A), 

such t h a t  th rough each v e r t e x  i n  AI 2 

w h i l e  t h e  number o f  edges through any v e r t e x  i n  A i s  s t r i c t l y  

l ess  t h a n  n-1. C l e a r l y  
2 

A2 = A ,  and A1 A1 
A graph  G o f  o r d e r  n on se t  A i s  sa id  t o  be exac t  k-complete, 

k - > 1, i f  subse t  A1 has k v e r t i c e s ,  and none of t h e  v e r t i c e s  

i n  s u b s e t  A are j o i n e d  by means of edges t o  each o t h e r ;  such 

a graph  i s  denoted by G(n ,k ) ,  We c a l l  t h e  p o i n t s  i n  subse t  A1 
2 

complete v e r t i c e s  of graph  G and t h o s e  i n  subse t  A2 as Incomplete  

v e r t i c e s  of graph  G(n ,k ) ,  A g raph  G o f  o r d e r  n on s e t  A i s  said 
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t o  b e  p l u s  k-complete i f  i t  i s  e x a c t  k-complete and there  i s  

e x a c t l y  one incomple t e  v e r t e x  which i s  j o i n e d  by means o f  

edges  t o  d o f  t h e  r ema in ing  n-k-1 incomple t e  v e r t i c e s ,  and 

1 - < d 5 n-k-1; such  a g raph  i s  denoted  by G ( n , k + ) ,  

a g raph  G i s  said t o  be  k-complete i f  i t  i s  e i t h e r  e x a c t  

k-complete or p l u s  k-complete.  We n o t e  t h a t  any o f  t h e  t h ree  

k i n d s  of  k-complete g raphs  mentioned above are n e c e s s a r i l y  

F i n a l l y ,  

connec ted  e 

L e t  d e n o t e  t h e  c l a s s e s  o f  a l l  k-complete ,  e x a c t  

k-complete,  and p l u s  k-complete g raphs  o f  o r d e r  n .  To a v o i d  
bB - t r i v i a l  e x c e p t i o n s  l a t e r ,  w e  take n > 3.  We n o t e  t h a t  - 4 - 

I 
= 9 ,  and 

We now s t a t e  t h e  main r e s u l t  o f  t h i s  p a p e r :  a k-complete 

graph  has minimum e l o n g a t i o n  d i a m e t e r .  Formal ly ,  

Theorem 1. L e t  G* be  a k-complete graph  of  o r d e r  n and G any 

o t h e r  g raph  of t h e  same o r d e r  and w i t h  t h e  same number o f  edges,  

Then e(G8) - < e ( G ) ,  where G" be longs  t o  

The proof  of  t h i s  theorem r e q u i r e s  s e v e r a l  r e s u l t s ,  r e -  

g a r d i n g  t h e  k-complete g r a p h s ,  which a r e  s t a t ed  i n  t h e  form o f  

lemmas 1-1 t h rough  1 . 7 .  

Lemma 1.1, e ( G ( n , k ) )  < n - l i f 9  and on ly  i f ,  2k < n-1, 

P roof :  L e t  P b e  t h a t  p a t h  i n  G(n,k)  whose l e n g t h  i s  maximum, 

tha t  i s  e q u a l  t o  e ( G ) .  C l e a r l y  i f  P i s  t h e  l o n g e s t  p a t h  i n  

1" G(n,k)  t h e n  i t  must c o n t a i n  each  v e r t e x  o f  A 
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I f  the  l e n g t h  o f  P i s  less t h a n  n-1, t h e n  by cons t ruc -  

t i o n  of s u b s e t s  A1 and A2 t h e  p a t h  P must c o n t a i n  each v e r t e x  

i n  A 

wise t h e  l e n g t h  of  P e q u a l s  n-1. For  t he  same reason  no two 

v e r t i c e s  which are a d j a c e n t  i n  P can b e  i n  A1; w e  n o t e  t h a t  

no two a d j a c e n t  v e r t i c e s  can be i n  A by d e f i n i t i o n .  F u r t h e r -  

more such  a p a t h  P can n e i t h e r  s t a r t  n o r  end w i t h  a v e r t e x  

and f a i l  t o  c o n t a i n  at  leas t  one v e r t e x  from A 2 ;  o t h e r -  1 

2 

i n  A1; f o r  t h e n  P t r a n s v e r s e s  a l l  o f  t h e  v e r t i c e s  i n  G ( n , k ) ,  

and the  l e n g t h  of t h e  p a t h  i s  once a g a i n  n-1. Hence k must 

b e  l e s s  t h a n  (n-1)/2,  t h a t  i s  2k < n-1, 

Conversely If 2k < n-1, t h e n  e G ( n , k ) )  must be  l ess  t h a n  

n-1, s i n c e  t h e n  the  maximum number o f  v e r t i c e s  P may c o n t a i n  

cannot exceed 2 k t l  s o  t h a t  t h e  l e n g t h  of P cannot  exceed 2k ,  

A s  a consequence of  t h e  above lemma, w e  remark t h a t  g iven  

a p a i r  of v e r t i c e s  i and j be longing  t o  a graph G(n ,k ) ,  f o r  

which e ( G ( n , k ) )  < n-1, t h e  l o n g e s t  p a t h  between i and j i s  

such tha t  no two a d j a c e n t  v e r t i c e s  i n  t h e  pa th  belong t o  t h e  

same s u b s e t  As ( s  = 1,2) of t h e  s e t  A ,  

The . fo l lowing  lemma i s  an  obvious c o r o l l a r y  of  t h e  pre-  

ceding lemma, but  I s  s ta ted  s e p a r a t e l y  h e r e  due to i t s  r e p e a t e d  

use  i n  l a te r  r e s u l t s .  

Lemma 1.2, 

2k < n-1 i m p l i e s  e ( G ( n , k ) )  = 2k,  

Given G(n ,k) ,  2k - > n-1 i m p l i e s  e G ( n , k ) ) =  n-1, and 

Proofs  of lemmas 1 . 3 ,  1 . 4  and 1 . 5  are ra ther  obvious and 

as such are omi t ted .  
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Lemma 1 .3 .  I f  a g raph  G n S N  be long ing  to c o n t a i n s  an  e x a c t  

k-complete graph  G(n,k)  w i t h  N - 1  edges t h e n  e ( G n , ~ )  - < 2k + 1. 

Lemma 1 . 4 .  

k-complete g raph  G(n ,k)  w i t h  N-2 edges  t h e n  e ( G  ) < 2k + 2 ,  

If a g raph  G n j N  be long ing  t o  c o n t a i n s  an e x a c t  

n,N - 

Lemma 1 .5 .  L e t  t h e  g raph  G(n,k+) have N edges. Then 

k ( k + l )  + 

2 2 k + l ,  i f  N = kn - 
(kSl)(k+2)  2k+2,  if kn - k(k+l )  t 1 < N < ( k + l ) n  - 

e'&(n,kt)) 2 
2 2 

Lemma 1 . 6 .  L e t  G b e  a graph  be long ing  t o  

N = k n -  k ( k + l ) ,  and l e t  G(n,k)  b e  an e x a c t  k-complete graph  

w i t h  t h e  same number, N ,  o f  edges. Then 

n,N 

2 

P r o o f :  F i r s t  w e  n o t e  t h a t  f o r  a connec ted  g raph  G ,  e ( G )  cannot  

b e  e q u a l  to one; t h e r e f o r e ,  t h e  e l o n g a t i o n  diameter e ( G )  - > 2, 

Next w e  e a s i l y  see  t ha t  f o r  G ( n , l ) ,  e ( G )  = 2 .  Mathematical  i n -  

d u c t i o n  on k - > 2 completes  t h e  p r o o f ,  

Lemma 1 . 7 .  L e t  G b e  a graph  be longing  t o  such that 

k(k+l)  < N < ( k + l ) n  - (k t1 ) (k+2) ,  and let G(n,k t )  be a p l u s  kn - 

k-complete graph  w i t h  N edges .  Then e (G(n ,kS) )  e ( G n , N ) a  

n , N  

2 2 

P roof :  Lemmas 1 . 5  and 1 . 6 .  

Theorem 1 i s  now c l e a r l y  s e e n  as a combined r e s t a t e m e n t  

o f  lemmas 1 . 6  and 1 . 7 .  

We a l s o  make t h e  f o l l o w i n g  t r i v i a l  o b s e r v a t i o n :  
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Theorem 1'. L e t  G b e  a g raph  i n  such  t h a t  
n,N 

(3n2  - 2n) /8 ,  i f  n i s  even 

(3n2 - 4n + 1)/8, i f  n i s  odd. 
N >  - 

Then e ( G  ) = n-1. 
n , N  

Minimum Diameter 

The f o l l o w i n g  r e s u l t  on minimum diameter of  a connec ted  

g raph  i s  o b t a i n e d  as a consequence of o u r  p r e c e d i n g  work on 

e l o n g a t i o n  d i a m e t e r s .  

Theorem 2 .  Let  G be a g raph  i n  . Then ( i)  L ~ ( G , , ~ )  = 1 n,N 
i f ,  and on ly  i f ,  N = n(n-l) ( t h a t  i s  G i s  comple t e ) ;  

2 n , N  
(ii) 

subgraph 

w i t h  n-1 edges ,  t h e n  6(G;,N) 

I f  N f n(n-l) , and G I  i s  a g r a p h  such  t h a t  i t  has a 
2 n,N 

Gn ,n - l  which i s  e x a c t  1-complete ,  t h a t  i s  Gn,n-l  = G ( n , l )  

6(Gn,N) e 

Reference  

Ore,  O . ,  Theory of Graphs,  American Mathematical  S o c i e t y  
Colloquium P u b l i c a t i o n ,  38, P rov idence ,  1 9 6 2 .  
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Appendix 

F i g u r e  1. Example of an  e x a c t  k-complete graph;  
n=7, k=2,? N = l l .  

F i g u r e  2.  Example of  a p l u s  k-complete g raph ;  
n=7 k=2 N=14. 

F i g u r e  3. Example of a connec ted  g raph  Gn w i t h  
a subgraph Gn,N-l which i s  e x a c t  k-com- 
p l e t e ;  n=7,  k=2 ,  N = 1 2 .  

F i g u r e  4. Example of a connec ted  g raph  Gn,N with 
a subgraph Gn,N-2 which i s  e x a c t  k-com- 
p l e t e ;  n=7, k=2 , N=13 e 
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An Addendum t o  Techn ica l  Report No. 15" 

I n  t h e  t e c h n i c a l  r e p o r t  No. 1 5  e n t i t l e d  "On Graphs w i t h  

Minimum Elonga t ion  Diameter", w e  f i n d  t h a t  t h e  concept of k-com- 

p l e t e  graphs" i n t r o d u c e d  by u s  becomes a l i t t l e  c l e a r e r  i f  w e  

i l l u s t r a t e  t h e  d e f i n i t i o n s  by means of examples g iven  i n  

f i g u r e s  1 and 2 o f  n e x t  page (page no. 7 ) ;  f i g u r e s  3 and 4 

h e l p  i n  unde r s t and ing  more c l e a r l y  lemmas 1 . 3  and 1 . 4 .  

T .  N .  Bhargava and L .  J .  O'Korn 

* Supported by N A S A  Research Grant No. NsG-568 a t  Kent State  
U n i v e r s i t y .  
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